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Neutrino oscillations and the effect of the finite lifetime of the neutrino source
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We consider a neutrino source at rest and discuss a condition for the existence of neutrino oscillations which
derives from the finite lifetimerg of the neutrino source particle. This condition is present if the neutrino
source is a free particle such that its wave function is nonstationary. For a Gaussian wave function and with
some simplifying assumptions, we study the modification of the usual oscillation probability stemming from
7. In the present accelerator experiments the effectsofan be neglected. We discuss some experimental
situations where the source lifetime becomes relevant in the oscillation formula.

PACS numbeps): 14.60.Pq, 03.65-w

. INTRODUCTION ing of neutrino oscillations through the coherence lend

Neutrino physics is one of the most active fields in par-caused by the finite lifetime and given by the factor
ticle physics nowadays..Apart from the i.mpressive resglts OExp(—L/L%"‘) [7] in the oscillation probability. The main
the underground experiments concerning atmospheric andic of this paper is the derivation of a correction to the
solar neutrino measurements, also reactor and acceleratgg ,;a| neutrino oscillation probability according to poiat
physics have a large share in the evolution of this field andyng a numerical study of this correction. It has been shown
the understanding of the neutrino mass spectrum and mixing, Ref. [7] that the effect@) of I' is only present provided
matrix (for recent reviews see, e.g., Ref4,2)). Since the  assumption(ii) is valid. This seems to be the case in the
phenomenon of neutrino oscillations is now close to being afmportant experiments of the Liquid Scintillation Neutrino

established physical reality and constitutes the most tangiblgetector (LSND) [9] and KARMEN [10] Collaborations,
window for physics beyond the standard model, it is very —

. A L
important to know if there are any limitations to the validity ﬂhICh studyv, —ve osc?llatlons V_V'th'“ decay at restas
of the usual formula for neutrino survival and transition ¥« §ource2. In the following we will use the source and de-
probabilities [3] with which the experimental results are (€ction reactions of LSND and KARMEN as a model for our
evaluated. Such questions have been discussed extensivelyfiid-theoretical treatment of neutrino oscillations.
the literature in the context of the wave packet and field- The paper is organized as follows. In Sec. Il we derive the
theoretical approachesee, e.g., Ref4] for a list of refer-  transition probability forv,— v, oscillations and show how
ences. the finite source lifetime changes the standard formula of
In this paper we use the field-theoretical approach in théeutrino oscillations and gives rise to a suppression factor for
spirit of Ref.[5], which has proved to be a general and un-the interference terms in the oscillation formula. We will see
ambiguous method to analyze neutrino oscillations, and corihat the corresponding condition for the existence of neutrino
centrate on the effect of the finite lifetime of the neutrino 0scillations, i.e., the condition that the suppression does not
source particle. We study the problem under the followingtake place, depends only on parameters supplied, at least in
three assumptionsi) the neutrino source is at resii) the  principle, by the experimental setup and the neutrino mass
source particle is not in a bound state and, therefore, is desquared differenceAm?. This is natural within the field-
scribed by a nonstationary wave functiofiii) the wave theoretical treatment which enables the study of the depen-
function of the detector particle is stationary. The first as-dence on those quantities which are really observed or ma-
sumption is of a technical nature and allows us to use thaipulated in oscillation experiments. In Sec. Ill we apply the
methods and results of Ref&,7] and can probably be over- results of Sec. Il to the case of a Gaussiahwave function
come[8]; however, the second one is essential to the discusand make a numerical study of the 2-flavor transition prob-
sion in this paper. The third assumption simply means thaability to investigate quantitatively the influence of the cor-
the particle with which the neutrino reacts in the detector is
in a bound state and the wave function of the detector par-—
ticle does not spread_ with tinj@]. Note that we also neglect, INote that though the neutrino source particle is not in a bound
for both the production and the detection process, any POState in these experiments it is not in a completely freely spreading

sible interaction with the background. state either because of the background matter. However, since we

The finite lifetimers=1/I" of the neutrino source particle neglect the effect of the background matter we work with the sim-
has an impact on the neutrino oscillation probability in thepiification of a free time evolution of the muon.

following two ways:(a) a suppression of the probability am-  2n the LSND experiment als@,— v, oscillations are investi-
plitude as a function oF [7], an effect independent &f the  gated where the muon neutrinos originate fram decay in flight.
distance between neutrino source and detectimna damp-  According to assumptiofi) we do not discuss this case here.
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rection factor. In Sec. IV we present a discussion of OUrerage momentum5>:6_ The final partides are described

findings and draw the conclusions. by plane waves. After carrying out all integrations, the lead-
ing term of the amplitude in the asymptotic linkit—< can
Il. THE CROSS SECTION be written aqd7]

As mentioned in the Introduction, for definiteness and '
also for comparison with the notation in R¢T] we discuss AT=2 U, jUseutAPAp, (2.5
the process .

L osc. whereA]—S andAJ-D denote the amplitudes for production and
uwt—et+ ,,e+7# ~ vgFp—n+e’, (2.1  detection(2.1) of a n_eutrino Wi_th masa; , respectively. The
parts of these amplitudes which are important for the further
which is investigated in the LSND and KARMEN experi- discussion are given by
ments. As shown in Ref7], with the help of the Weisskopf-
Wigner approximation one can write the amplitude of the

S_ 7 N --) .« ..
process2.1) in the limit t—o as Aj o 1 Yu(patail) (2.
i(Esj—Ep)+ §F
A=(—i)2< ve(P,) €3 (Peg)iep (Pep).N(Py)| T
and
X f dt1J d3x1J dtZJ’ A%y H & i X2) AP = (=il +py). 2.7
0 0
For the full expressions see RgT]. The kinematical quan-
x e~ (M2t & (y ) M+'p> 2.2 tities occurring in Eqs(2.6) and(2.7) are defined by
D, int Py :
9;= VEp—myj,
whereT is the time-ordering symbol arld is the total decay
width of the muon ¢, andH ;, are the relevant Hamil- Ep=En+Eep—Ep,
tonian densitiesin the interaction pictunefor the production
and the detection of the neutrinos, describing muon decay Esj= Eﬂ(qu+ p)—E.— s (2.9

and proton to neutron transitidi2.1), respectively. The in-
dicesSandD denote source and detection, respectively. Theand

muony ™ and the protom are localized at the coordinat§§ .. ..

- . E E =pn'+ p’ P,= p’ + p’
andxp, respectively. The proton state is stationary whereas P1=P, 7 Pes: 27 Fn ' FeD»
the decaying muon at rest is described by a free wave packet

L=|)_()D_)_()S| and

with an average momentum equal to zero according to the I =(Xp—Xs)/L. 2.9

assumptiongi)—(iii). Hence the spinors of the initial par- ) .

ticles are written as Note that the first two formulas in Eq2.8) follow from
assumption(iii) in the introduction[6,7]. Equation (2.6)

q;p(x)zgz,p(;_;D)efiEpt shows the dependence of” on I' [see point(a) in the

Introduction. The structurg2.5) arises from the fact that in

. - - 1 g~ d s the limit L —co the neutrinos with mass®);, described by an
with ip(X—Xp) = 2—3,2f d°p Pp(p)eP 7o) inner line of the Feynman diagram derived frofn(2.2), are
(2m) on mass shell. Consequently, the amplitude for neutrino pro-
~ AN_TrR = duction and its subsequent detection factorizes for gadb
= 2.
and ¢,(P) = ¥p(P)Up(P) @3 a product of production amplitude and detection amplitude
for the proton and [6]. Looking at Egs.(2.5), (2.6) and (2.7) it is evident that
oscillations involvingm? —mj can only take place if the con-
d®p ~ . oL ditions[5,6]
()= | ——5bu(p)e P EuPIelP s
o (2m) lgj—ai/=os and [g;—qy|=op (2.10
ith =y (PIV,(P 2.4
with ,(p)=4,(P)V.(P) (2.4) and[7]

for the muon WithE ,(p) = VmZ+ p?. In the 4-spinorsi,(p) 1
andv,,(p) we have left out the polarizations of the proton |Esj—Esd= ST (211
and muon, respectively, because they are irrelevant in the

further discussion. hold, wheress andoy, are the widths off, andy,, respec-

The function Yp(y) is peaked aty=0 and the wave tyely. We call conditiong2.10 amplitude coherence condi-
packety,(p) in momentum space is peaked around the aviions (ACC) and Eq.(2.11) the source wave packet—finite
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lifetime condition (SFO [7]. If they are not satisfied then close the integration over the interval of lengilEy along

some terms of the amplitude and consequently the correhe real axis by a half circle in the complex plane and to

sponding interference terms in the cross sectwstillation  apply Cauchy’s theorerf].

probability) are suppressed. In this way we have shown that the cross section contains
The cross sectionr is obtained by taking the absolute the damping factof7]

square of the amplitude.5), integrating over the final state

=2 2 . . 2
momentap,, Pes, P, Pep and averaging over the spins of Am I L 21
the initial muon and proton. Hence exp — B2 (2.17)
O_:f dP|.A~|2 (2.12 leading to a suppression of the corresponding interference
’ ' term in the oscillation probability wheh becomes greater

. . than the coherence lengtht®'=4E3/AmAT. As already
whe_redP denotes the |ntegrat|on_ove_r the momenta of thediscussed in Ref.7], this c;t%rerenceDlengtjﬁ is of the order of
particles at the external legs and is given by 100 light years for typical input relevant for the LSND and
KARMEN experiments and the suppression due to such a
long coherence length is certainly negligible for all experi-
ments with terrestrial neutrinos. In the following computa-
tions we will neglect the coherence length arising from the
and the integration is done over some volume of the phasinite lifetime of the neutrino source. = _
space. _Then, the only relevant integrand with respectHg is

In general, the integrations in E€2.12 cannot be per- 9diven by the factor$2.15 and we get
formed without knowledge of the source and detector wave

o d°p;, d°pes dpy, dpep
2E! 2E.¢ 2E! 2E.g

(2.13

functions. However, as noticed in R¢7], for 1
dEp 1 1
I'<osp (2.14 i(Esj—Ep)+ EF —i(Eg—Ep)+ EF
the factors 2@ 1
:T 1 . (218
{((Esj—Ep)+T/2)X (= i(Eg— ED)+F/2)}‘1( 5 1+iF(Esj—EsW
2.1

On the right-hand side of this equation we can use assump-
tion (i) (the muon at regto compute to a very good approxi-
mation the energy difference

in the cross section are strongly peaked with respe&go
and we interpret the condition@.14) that the rest of the
cross section is flat with respectg, if varied over intervals

several orders of magnitude larger thanThis is a reason- Am?

: ; Y s . — o
able assumption because in the LSND and KARMEN ex- Esj—Esi=— B 1. (py+Epl). (2.19
periments the stopped muons have momenta of the order 2m,Ep

0.01 MeV[11,17], and thusog will be in the same range. _ _
Assuming atomic dimensions of the spread of the detectofs the next step, we want to perform the integration over
particle wave function, we findrp~10" MeV. In any  d®p.. Note that the momentum, of the v, from the source
case, even if our guesses tog andop are wrong by several reaction[see Eq(2.1)] cannot be measured. Again we make
orders of magnitude, these widths can never be so small like simplifying approximation based on assumptidi),
the decay constant of the mudi=3x 10 ® MeV. There- namely that the muon wave function can be represented by
fore, we adopt the procedure that integrating over momenta -
of the final state of the detector leads to an integration in the "lj,ﬂ(|51+ g, Dz%(ﬁﬁ EDF)VM(G)_ (2.20
variableEp and in view of the expressior8.15 it suffices
to pick out an integration interval of lengthE, which sat- Then the integration oved®p/, concerns only the functions
isfies F<AED<§TS'D'2 Con§|der|ng neutrino oscillations (Esj—Esy in Eq. (2.18 andy/,. Therefore, we define the
with respect tomj —mi=Amj, then this integration inter- quantities "
val should contairts; andEgy. Since the conditiori2.11) is
necessary for these oscillations to happen at all, we define a . 1
mean value gjsz d3u|¢,///;(u)|2_—»», (2.2)
1_|pjk| 'U/O’S

Ep=(Es) (2.16 - -
where we have defined=p,+E,|l and
for the neutrino mass eigenfields participating in the oscilla- )
tions andAEp only has to be a few orders of magnitude o Amjyos (2.22
larger thanl'. In addition, the expression2.15 suggest to Pik 2m,E, I’ ‘
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=

Note that in view of Eqs(2.8) and (2.16 we identify the
neutrino energy which can in principle be measured by the
detector as

EVEED' (223) 0.7
The quantities(2.21) have the properties thajjk=g[§j and
gj;=1. Since we consider ultrarelativistic neutrinos, we can 0.5
take the limitm;—0 V| in all terms of the cross section
(2.12 except the oscillation phases agg . Then the prob-

ability for 7M—> v, oscillations is given by 0.3, .
0 1 2 3 4 5
o p
PVMHVeZE |U81|2|U,u]|2
J FIG. 1. Plot of the correction factg[Eq. (3.3)] as a function of
AmAL p-
+2Rel X UL, UoU% gjexp —i —2- ) .
=k 2E, 2
1 Am-L
(2.24 P;ﬂ_,;ezzsmzw 1-g12C085—, (3.9

In contrast to the formula derived within the standard treatwhere@ is the 2-flavor mixing angle. In comparison with the
ment of neutrino oscillations, the quantitigg, appear as standard formula the factay,, in Eq. (3.4 lowers for a
correction factors in Eq(2.24. These nonstandard factors given transition probability the upper bounds Am? and

gjx represent the quantitative effect of the SFC conditionsir’26. This can be seen explicitly by considering the low
(2.11) discussed in Ref.7]. They arise from assumptidii) ~ Am? region of the parameter space where the cosine in ex-
(see Introductionthat the muon is described by a free wave pression(3.4) can be expanded inm?. If now p=<1 holds
function, which does not have a sharp energy, and woulgor an average\m?, in the lowAm? region we gep<1 and

disappear for a muon in a stationgltyound state(see Ref.

[6]).

Ill. THE CASE OF A GAUSSIAN MUON WAVE PACKET

In order to get a feeling for the effect of thgfactors

(2.21) on the oscillation probabilities we confine ourselves

now to the case of a Gaussian muon wave function

-2
A — p
U(p)=(mos 3’2exp(—;). (3.0)
Os
Then we get
1 fw 2, 2 1
o= due v log i ’ 3.2
I Vrog) -= 1-ipulos 32

whereu=1-u. Since the exponential factor in EQ.2) is an
even function with respect to the variablethe g-factors
become real and defining=u/os one obtaing;,=g(pjx)
with
1 © e_y2
=—| d
9(p) N A

1+ p?y? p

ﬁp(l

(3.3

where®, is the complementary error functigsee, e.g., Ref.
[15]). Note thatg(p)=1—p?/2 for p<1 andg(p)—=/p

can use the corresponding expansiong@p) given above.
Then, in this region the isoprobability contour is determined
by the relation

v, Ve

L2+ ( USTS)Z.
m,

It is clear from Eq.(3.5) that a large source lifetime and a
large source momentum spread lower the upper bounds on
Am? and sirf26 compared to the standard oscillation for-
mula. For the source lifetime effect to be significant in a
given experiment, the numerical value @frs/m, must be
comparable to the source detector distahce

In the following we investigate quantitatively the effect of
01, on the transition probability3.4). In Fig. 1 we display
the functiong(p). One can see that at=0.5 the functiorg
is around 0.9 which means thgj, starts to deviate appre-
ciably from 1 wherp becomes greater than about 0.5. In the
case of the LSND and KARMEN experiments, usifig-3
X 1016 MeV for the decay width of the muon and the typi-
cal numbersss=0.01 MeV[11,12, Am?>=1 eV? andE,
=30 MeV, we obtainp;,~0.5x10 2. From this estimate
we conclude that with the above input numbers the correc-
tion to the transition probability is negligible for the LSND
and KARMEN experiments because-1j;,~10° [see re-
mark after definition ofg (3.3)]. Note, however, thap;,
=0.5x10"2 is only two orders of magnitude away from
having a 10% effect. This motivates us to have a look at the

16E2P

4

(Am?)?sir? 20= (3.5

for p— . Under the assumption of oscillations between twoinfluence ofpq, (g1,) on exclusion curves obtained, for in-

neutrino flavors the transition probability becomes

stance, in the KARMEN experiment. Therefore, we Use
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detection interaction Hamiltonians. For simplicity, in the fol-
lowing we will concentrate on 2-flavor oscillations.

The finite lifetime of the neutrino source leads to a finite
coherence lengthl3]. In our case we have explicitly indi-
cated the damping factqR.17 from where the coherence
IengthL%Oh associated witlh' can be read off. Using numbers
taken from the LSND and KARMEN experiments for the
quantities appearing ih%Oh we get a length of the order of
100 light yeard 7] which is absolutely negligible compared
the coherence length stemming from the fact that the neu-
trino energyEp [see Eqs(2.8) and(2.16) ] determined by the
energies of the final states in the detection process is not
accurately known. Therefore, the effdth of I (see Intro-
duction is irrelevant.

Let us now compare the amplitude coherence condition
(ACC) with the source wave packet—finite lifetime condi-
tion (SFQ. The ACC can be reformulated &84,5,6

100

10 |

Am? [eV?]

0.1 f

1
O-XS,XDS ELOSC, (41)

N whereoysyp are the widths of the source and detector wave
0.01 brenl——enal il functions, respectively, in coordinate space ahd*
0.001 0.01 0.1 L —47E,/Am?=2.48mE /1MeV)(1eV¥/Am?) is the oscil-
sin” 26 lation length. For the LSND and KARMEN experiments
FIG. 2. Contour plot for the transition probabilite ~ with E,~30 MeV and Am?~1 eV?, as found by the
=[$(E,)P, . (E,)dE, at P=0.001 in theAm?—sir?2¢ plane  LSND Collaboration, one gets®*-75 m. This is to be
where P;Ffe is defined in Eq.(3.4 and ¢ denotes the energy Ccompared with the widthesp which are certainly in the
distribution of the;M flux (see, e.g., Ref16]). We integrated over range of atomic distances or .Sma“er' Therefore the condi-
the neutrino energyE, from 12 up to 53 MeV and used tions (4.1) are very well satisfied. We want to stress once

=17.7 m for the source-detector distariceThe solid, dashed and More that the SFC and the correction faags (2.21) cor-

dotted line correspond tos=0 (g=1), 1 and 10 MeV, respec- Fesponding to effecta) of I' (see Introductionderive from
tively. two ingredients: from the finite lifetime of the muon taken
into account through the Weisskopf-Wigner approximation
and from assumptiofii) in the Introduction that the wave
function of the muon is nonstationary. The first ingredient
"Rads to the factor W(Es;—Ep)+3T) in the amplitude in-
stead of the familiar delta function. The second one leads to
the momentum dependence B§; as given in Eq(2.9). If
the neutrino source particle were in a bound state and, there-
fore, described by a stationary wave functi&y would be
fixed and independent gfand momenta, and there would be
no condition (2.11). Note that in our approximation the
IV. DISCUSSION AND CONCLUSIONS Hamiltonian which determines the wave function of the
In this paper we have studied the effects of the finitesr? urce partitf:lehdoes not inclqdle Weakhinteracliiqns. However,
lifetime of the neutrino source particle. In particular, we havet c decay of the source pa_lrtlc € Vva the wea mtgractlons_—
" . , ~whether its wave function is stationary or nonstationary—is
elaborated the condition for the existence of neutrino oscil-

lations arising in a situation where the neutrino source par?XpIICItIy given by the factor exp(I,/2) in the amplitude

ticle is not described by a bound state and thus representé -2) according to the Weisskopf-Wigner approximation. As

by a nonstationary wave function. Furthermore, in our analy-S own in Sec. Il the correction fact@y, depends on the

sis we have made the assumption that the neutrino source %Jantlty

at rest. In order to perform an analysis closely related to _ AmPog
experiment we used the field-theoretical approach which al- P= 2m,E, I’
lows us to work directly with the states of the particles re-

sponsible for neutrino production and detection and wher@nd is only sizeably different from onegf=1. Thus a con-
the oscillating neutrinos are represented by an inner line iwvenient formulation of SFC ip<1. Note that by defining a
the complete Feynman diagram containing the source anspread in velocity of the source wave packet hyg
detection processes. Thus the neutrino oscillation amplitude- os/m,, the last formulation of SFC can be rewritten in
is determined simply through the neutrino production andanalogy to Eq(4.1) as[7]

=17.7 m, average in Ed3.4) over the energy spectrum of
v, and as a gedanken experiment we vary the momentu
spreados. In Fig. 2 we show the corresponding exclusion
curves in theAm?—sirf26 plane for the cases afg=0, 1
and 10 MeV corresponding t9;,~=1, 0.9 and 0.3, respec-
tively. We can see that fars=10 MeV the exclusion curve
has changed noticeably.

4.2
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1 and KARMEN experiments we could only have an effect of
Avgrg= ,— L% (4.9  suppressing neutrino oscillations through the spread of the
u" wave function if, during the lifetime of the.™, the
] ) spread evolves over several meters and, hence, goes far be-
As we have seen in Sec. Ill withrs~0.01 MeV one gets yond the target where the muons are produced and stopped.
p~0.005 and SFC is well fulfilled for the LSND and KAR- \ye want to remind the reader that we have made the ideali-
MEN experiments, however, the margin for violation of SFC4tion of neglecting the presence of the matter background in
is only two orders of magnitude, in contrast to ACC whereyne neutrino production and detection processes. Conse-
the margin is at least ten orders of magnitude. quently, we have neglected the electromagnetic interactions
_ Taking this observation as a starting point, we want to Seg the 1, * with the electrons and nuclei in the target. This
if there is some chance to incregséo 1 or more in orderto  ,ts our consideration to a certain extent on the level of a
have an observable suppression effect. Looking at Fig. 2 ongadanken experiment. However, we want to stress that the
recognizes that in the case @¢= 10 _MeV the Iov_ver line of  gffect of the matter background on the spread of thie
the curve has undergone a considerable shift downwardgaye function is rather to interrupt this spread. Therefore,
compared to the case=0. Note that this shift happens in gjnce we have shown that observable effects of the finite
the sensitive region of the LSND and KARMEN experi- myon lifetime are absent in the idealized situation, the same
ments. One might therefore ask the question if it is possiblgg certainly true for the real experiment.
to increaserg in order to achievep=1. If the source wave The quantum-mechanical ACC and SFC in the forms
function is such thatrsows~1, which is correct for Gauss- (4.1) and(4.3), respectively, have analogous “classical mac-
ian wave functlons, one unld haveT to localize the neutringoscopic” conditions stemming from the inescapable averag-
source particle very well in coordinate space, namely tng over some regions of the target and the detector, respec-
0xs=10"*?mfor0s=0.1 MeV. Taking alook at Eq4.2),  tively, when an experiment is performed. Replacing in Eq.
one observes that can also be increased by decreasing thgg.1) the widths o5 ¢p by the typical sizeRgp, respec-
neutrino energy. However, in this case one lowers the ratigyely, of the regions in the target where the muon is stopped
of true over background events. Finally, a small product ofand in the detector where the neutrino detection process is
mass times decay width of the source particle also enhancgscalized we arrive at conditions which are obtained by the
p but, unfortunately, the muon has already the smallest sucfhcoherent averaging of the oscillation probabilities over the
product among the particles which can copiously beyariations ofL due toRs and the requirement that neutrino
produced’ o . ) oscillations should not be washed out by this averaging pro-
Note that from Eq(4.3) it is obvious that in the LSND  ¢ess. Sinc®s, are macroscopic quantities, if these classical
conditions are satisfied, then clearly also ACC holds because
oxsxp<Rsp. The classical analogue to SK&.3) says that
*The corresponding product for the neutron is smaller, howeverduring its lifetime the neutrino source particle should move a
to observe this effect in neutrinos from neutron decay one woulddistance much less than the oscillation length in order not to
have to isolate the neutrons from the external interactions—wash out neutrino oscillations. This classical condition is not

something that seems to be hard to achieve in experiments. obviously linked to SFC.
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